Abstract. A classical theorem of Brauer and Wielandt which states the result under the assumption G = [G, G] is extended to all finite groups.
For the proof of it, just observe that the c in the theorem cannot be equal to 0 and every element of G has an expression in the set C 1 C 2 · · · C s at least once. The converse of this corollary also holds (see Corollary 5) but it does not seem to follow immediately from the theorem of Brauer and Wielandt (see "Acknowledgements" for the referee's comment).
I do not intend to argue with Feit on the latter part of the quotation given above, but I will show that a more general result can be proved. That is:
Here x j ∈ C j and α = x 1 x 2 · · · x s . First of all, the constant c in the theorem of Brauer and Wielandt can easily be computed and is
The reason for this is that the productC 1C2 · · ·C s is a positive linear combination of elements of G and the sum of its coefficients is |C 1 ||C 2 | · · · |C s |. If it is a constant multiple ofḠ, then the c must be equal to the value given above.
With this c in mind, we can rewrite the relation of Brauer and Wielandt as follows:
Therefore, in this form, the constant c is reduced to 1. Moreover, if we define, for a subset S of G, the normalized sum:
then the result of Brauer and Wielandt can be restated aŝ
For an arbitrary finite group G, define:
where x i is an (arbitrary but fixed once chosen) representative from the conjugacy class C i for i = 1, 2, . . . , s. Note that there are many choices for the element α, but the coset αG is uniquely determined. We will show in Theorem 2 (the main result of this paper) thatΩ G = αĜ for every finite group G. In the original notation of the result of Brauer and Wielandt, this implies thatC 1C2 · · ·C s is proportional to αG for every finite group G (Corollary 3).
Examples. (1)
. Suppose G is abelian. Then every conjugacy class C i is a singleton. ThereforeΩ
Rearranging the product by combining {x, x −1 }, we obtain
where Inv(G) is the set of all involutions of G. As is easily seen in the case of a four group and by induction in the general cases, t∈Inv(G) t = 1 if the Sylow 2-subgroup of G is not cyclic and t∈Inv(G) t = t 0 , where t 0 is the unique involution of G if the Sylow 2-subgroup of G is (nontrivial) cyclic.
(2).Ω S 4 =Â 4 ,Ω S 5 = S 5 \A 5 andΩ S 8 =Â 8 . In general,Ω S n =Â n if the number of odd partitions of n is even andΩ S n = S n \A n in the contrary cases. This is proved in the Appendix.
Define Irr(G) = {χ 1 = 1, χ 2 , . . . , χ s }, the set of all irreducible characters of G over C and let us compute the quantityΩ G for an arbitrary finite group G. Note that the elementĜ is an idempotent of the center Z(R) of the group ring R = CG. Ω G is an element in Z(R) also. Recall that dim(Z(R)) = s and there are exactly s algebra homomorphisms from Z(R) to C, each corresponding to an irreducible character of G. Let us denote those homomorphisms by ω 1 , ω 2 , . . . , ω s with ω i corresponding to the irreducible character χ i of G for i = 1, 2, . . . , s. It is well known that
and so
Let {e i | i = 1, 2, . . . , s} be the set of all primitive idemponents of Z(R). Then
Ce i . 
Moreover, we have
Applying ω i to both sides of the equality above, we obtain
A theorem of Burnside states that if deg(χ i ) ≥ 2, then there exists j such that χ i (x j ) = 0. Therefore ω i (Ω G ) = a i = 0 in this case. On the other hand, if deg(χ i ) = 1, then
This implies a i = 0 if and only if deg(χ i ) = 1. Rearrange the indices i so that {χ 1 = 1, χ 2 , . . . , χ r } is the set of all irreducible characters of degree 1.
Theorem 1. If α ∈ G , thenΩ G is the sum of the primitive idempotents of Z(R)
corresponding to the irreducible characters of degree 1:
Proof. If α ∈ G , then all coefficients a i , for i = 1, 2, . . . , r, are equal to 1. Hence the result follows.
The formula for the idempotent e i is well known and given by
If χ i is taken to be the trivial character χ 1 = 1, then a 1 = 1 and
The result of Brauer and Wielandt can now be obtained easily. If G = G , then G possesses no nontrivial characters of degree 1 and soΩ G =Ĝ. On the other hand, if G possesses a nontrivial character χ i of degree 1, then as shown above a i = 0 and soΩ G =Ĝ. This proves the result of Brauer and Wielandt.
Let us studyΩ G a little more. We have the following result.
Theorem 2.Ω G = αĜ .
Proof. As stated above, we have in general
Moreover,
Note again that χ i is of degree 1 for i = 1, 2, . . . , r and so χ i (α)χ i (x −1 ) = χ i (αx −1 ). Replacing αx −1 by y −1 , this can be rewritten aŝ
Note that the characters of G of degree 1 can be identified with the characters of the abelian group G/G . Therefore, the orthogonality relations of characters of
This completes the proof of Theorem 2.
Theorem 2 (the following corollary also) is a generalization of the result of Brauer and Wielandt. In fact, if G = G , then α ∈ G and soΩ G = αĜ =Ĝ. On the other hand, ifΩ G =Ĝ, then αĜ =Ĝ. Hence αG = G as sets. This implies G = G . 
